We look at the continuum limit of the two universal predictions of the hadronic string theory namely the Lüscher term and the energy difference between successive energy states in three dimensional SU(2) lattice gauge theory using Wilson loops and Polyakov loop correlators.
Introduction
Formation of a flux tube between quarks and anti-quarks in the QCD vacuum is an appealing mechanism for quark confinement. Effective theories for these flux tubes can be written in terms of string theories [1] . An interesting feature of these theories is that they predict a universal coefficient of the large distance 1/r term c (= − π 24 (d − 2); d : no. of space-time dimensions) [2] also known as the Lüscher term. While ground states of such string theories have been studied for a long time [3] , now with improvement of both computing power and algorithms [4] , it is possible to do careful studies of other important properties of the flux tube and several such studies have been carried out recently [5] .
In a previous work we had applied the Lüscher-Weisz multilevel algorithm to look at the spectrum of the hadronic string [6] . In this note we take a look at the continuum limit of two of the observables, the universal coefficient "c" and the energy difference between the ground state and the first excited state. Our previous experience had hinted that systematic corrections to the energies arising from the presence of higher excited states played a very crucial role in the determination of the energy differences between successive states. Recently there has been some controversy about the validity of the string picture [7] , and a further hyperfine structure of the spectrum has been suggested. Here we extend our studies to a higher level of precision and more careful removal of the systematic effects.
Simulation parameters
We carried out simulations of three dimensional SU(2) lattice gauge theory on three different lattices chosen so as to roughly cover the same physical volume. Let us call these lattices A, B and C. The lattice parameters are summarized in table 1. The lattice spacing a was obtained by assuming √ σ = (0.5 fm) −1 .
On all these lattices, we computed Polyakov loop correlators P * (x)P (y) for various values of r = y − x and Wilson loops of various space and time extents W (r, T ) . To reliably extract signals of these observables which are exponentially decreasing functions of r and T , we used the Lüscher-Weisz multilevel algorithm [4] . As is well known, this algorithm has several optimization parameters among which the number of sub-lattice updates employed seem to be the most important one [8] . In tables 2 and 3 we tabulate the number of sub-lattice updates (iupd) used for our measurements. Another important parameter is the thickness of the time-slice over which the sub-lattice averages are carried out. We found that it was helpful to increase this thickness as one goes from stronger to weaker coupling. In our simulations, we used thicknesses of 4 and 6. In comparison, a thickness of 2 was sufficient at β = 5.0 [6] . For β = 10 we chose the thickness to be 4 uniformly while for the other two β values, we chose the higher value between 4 and 6 whenever possible.
Only one level of averaging was sufficient for most of the observables. However to get a stable value of the Lüscher term it was necessary to do a second level of averaging of the Polyakov loop data before taking the deriva-3 tives.
Polyakov loop
The Polyakov loop correlator can be expressed as
where b i 's are integers.
For large values of T this expectation value projects almost exclusively to the ground state with the corrections due to higher states being lower than our statistical errors. From the Polyakov loop correlators we determine the potential V (r) and the force F (r) as
The string tension is determined from the intercept of the curve of F (r) versus 1/r 2 . This will yield the correct value only for asymptotically large distances as corrections ∝ r −3 become negligible. However in our simulations at moderate values of r these corrections are not yet negligible. Thus for us F (r) is not really a straight line but one which approaches a straight line close to the origin. To avoid the short distance effects in our determinaton of the string tension as much as possible, we fit a straight line only to the final few points closest to the origin and take the intercept from that fit. These fits are shown in figure 1 .
To have a theoretical prediction against which we can compare the simulation results, we will assume two different forms of the potential. These are the potential assuming a free bosonic string description of the flux tube and the Arvis potential [9] which comes from assuming a Nambu-Goto type description of the flux tube. While the free bosonic string is the simplest model, recent studies [10] suggest that the only consistent description of the Polyakov loop correlator is given by the Arvis potential. At large distances, predictions from both these models coincide. Our comparison will be at moderate distances to see which form is preferred.
For the free bosonic string in three dimensions, we have V (r) to be of the form V (r) = σr +V − π/24r + (higher inverse powers of r),
while the Arvis potential is given by
We define the truncated Arvis potential by expanding the potential in a power series and retaining the first three terms. The Lüscher term c(r) is determined locally at different values of r's by
The theoretical predictions are c(r) = −π/24 free bosonic string (7) = − π 24 1 + 1 8σr 2 truncated Arvis
Arvis (9) To study the continuum limit of the behaviour of c(r) we need to look at the variation of c(r) at a fixed physical distance for various values of the bare coupling. Since the lattice spacing varies with the coupling constant, to compare the data at different values of β, we need to introduce a common scale. To that end let us define the Sommer scale r 0 by r 2 0 F (r 0 ) = 1.65. For each value of β, the Sommer scale has been estimated and is shown in table 1. We also see from the same table that σr 2 0 is constant (= 1.23) to a very good approximation.
We now plot all the data together in figure 2 using r/r 0 as the x-axis. The data for β = 5 has been taken from [6] . On this figure we also plot the prediction of c(r) from 2-loop perturbation theory given by [11] 
Our data approaches the theoretical values from above. For β = 5 and 7.5 the data points seem to cross the free string value and come closer to the predictions from the Arvis potentials. For the other two β values the explored regions of r unfortunately turned out to be too small to see if they too actually cross −π/24 and again reapproach that value from below. It would therefore be extremely interesting to see what happens to c(r) as one extends the range of r.
It is also interesting to observe that the perturbative curve is closest to the lattice data for the largest lattice spacing. Thus it seems that the departure from the perturbation theory sets in earlier as one goes towards the continuum limit. Also we see that the data sets at β = 10.0 and β = 12.5 are degenerate within error bars. This of course makes it pointless to do a further extrapolation to the continuum limit and we conclude that within 7 our error bars the data at β = 12.5 is identical with the continuum limit.
Wilson loop
Space-time Wilson loops of extent (r, T ) can be interpreted in the transfer matrix formalism, as the correlation of sources between points separated by a distance r, propagating for time T . While the Polyakov loop correlators do not give us the option of having sources and project strongly onto the ground state, Wilson loops enable us to study the excited states by constructing sources which project onto some state preferentially.
In three dimensions the flux-tube has only one transverse direction to fluctuate and thus possesses only discrete symmetries according to the transformation properties under charge conjugation and parity. Classification of the low lying states according to these symmetries have been carried out in [6] , and using the sources described there, we study the ground state and the first excited state of the string spectrum and take a careful look at the energy difference between the two states, comparing them with the prediction from the free bosonic string and the Arvis potential.
In our measurements, we compute correlation matrices C(r, T ) among different sources, each between points separated by a distance r, and then diagonalize the correlation matrix by taking appropriate combinations of the matrix elements. Energies of the string states can then be obtained by fitting the eigenvalues λ(r, T ) of C(r, T ) to the form λ(r, T ) = αe −E(r)T
using different T values. The energies obtained in this way are reported under "no removal" in tables 6 and 7. This however is a naive estimate and in practice there are corrections due to higher excited states. That is because, while sources with different symmetry properties allow us to project onto different channels, there are still infinitely many states in each channel and they all contribute to the correlator in that channel. We are interested only in the leading exponential in each of the channels, but even these are significantly contaminated by the higher states at the smaller values of T . To make a meaningful comparison with the prediction from the string picture, we need to remove this contamination as much as possible. We do the removal in two ways. First we drop the smallest value of T and do a fit to the rest of the points. These values are reported under the head "partial removal". Second we assume that
This allows us to define an improved observableĒ by
where δ = (E 1 − E 0 ). We estimate that further corrections coming from higher states are smaller than our statistical errors. We denote theĒ values in the tables under "full removal". We plot the first two states for the different β values in figure 7 .
As seen from the figure, for the ground state the corrections due to finite time extents are small and so all the three sets of points are on top of each other. For the first excited state, the corrections are clearly visible. For β = 12.5, our data was not good enough to do the extrapolation for a "full removal". Hence it has only two sets of points for the excited state. In table 7, the points marked with a ⋆ were also too unstable for extrapolation and the values reported there are the values extracted from the Wilson loops with the two largest time extents.
Let us now come to the energy difference between the ground state and the first excited state. A free bosonic string description of the flux tube predicts this energy difference to be π/r for a string formed between points separated by a distance r. The Arvis energy states are given by
where d is the number of space-time dimensions. For us d = 3 and therefore for E 1 − E 0 we get
In figure 8 , we plot these energy differences along with the predictions from the free bosonic string and Arvis potentials. The three different sets of points are the differences computed from the three columns "no removal", "partial removal" and "full removal" with "no removal" being the highest and "full removal" being the lowest. This can be easily understood as the corrections to the higher energy state is larger than the lower energy state.
As can be seen from the figures, the variation of the energy difference with r is better described by the Arvis potential than the free bosonic string for smaller values of r. For the range of r we have looked at the corrections are absolutely crucial. It is only the data set corrected for higher energy states that stay close to the Arvis potential and keep approaching the free string prediction as one goes to larger values of r. Thus without taking these corrections into account, one can draw wrong conclusions about the validity of the string picture as our naive data actually crosses the free string value and the difference seems to increase with r instead of decreasing. We expect as one goes to larger values of r even more careful treatment of the higher energy corrections are going to be necessary.
To look at the effect of finite lattice spacing on the energy difference, we plot in figure 3 , r(E 1 − E 0 ) against r/r 0 for all the three values of β that we have looked at. From this figure we see that the entire data set lies between the free string value and the values from the Arvis potential. The lattice effects seem significant and the direction of the shift with smaller lattice spacing seems to be away from the Arvis and towards the free string description. We have to be a little careful about the magnitude of the lattice effects though. That is because, as we have mentioned before, for β = 12.5 we only have a partial removal of the higher states for the first excited state and hence the estimated energy differences are higher than the true ones. Therefore we can only indicate an upper bound for the continuum limit rather than actual values.
To have an idea of the magnitude of the lattice effects, we compare r(E 1 − E 0 ) for the three different lattice spacings at 1.2r 0 , 1.4r 0 , and 1.6r 0 . The energy differences at these distances are obtained by interpolation. We plot these differences against a 2 in figure 4 . If we assume that the continuum limit is approached as a 2 , then we can fit a straight line through these points to obtain the continuum limit values of the energy difference. We tabulate these values in table 4.
In figure 5 we plot our upper bounds on the continuum limit for the energy difference along with the free string and Arvis potential predictions. Table 4 : Continuum limit extrapolation of r(E 1 − E 0 ) a 2 = 0.009666 a 2 = 0.005162 a 2 = 0.003206 a 2 = 0 1.2r 0 2.29 (9) 2.37 (8) 2.47 (4) 2.56 (4) 1.4r 0 2.46 (8) 2.50 (8) 2.67 (2) 2.79 (7) 1.6r 0 2.55 (10) 2.67 (11) 2.83 (2) 2.97 (4)
Conclusions
In this note we have looked at the continuum limit of the Lüscher term and the energy difference between the ground state and the first excited state.
Our study indicates that for the Lüscher term, the asymptotic value is approached in a non-monotonic way. For small r region, the limit is approached from above. However then the data seems to overshoot the asymptotic value and then turn around to approach the value again from below. This overshooting is seen on our coarser lattices. On our finer lattices, the range of r looked at and big error bars prevent drawing any definite conclusion and there we only see the approach from above. The energy difference at finite lattice spacing seems to be well described by the Arvis potential. However the continuum extrapolation pushes it away towards the free string description. It is very important to take into account the corrections due to the higher energy states. Otherwise one has a large systematic error and the resulting energy difference seems to diverge from either description rather than tend to it. Another crucial observable is (E 2 − E 0 ) − 2(E 1 − E 0 ). We have looked at this quantity at β = 10 and it is plotted in figure 6 . Inspite of large error bars, the behaviour of the "full removal" data set is consistent with the prediction from the Arvis potential. The "no removal" set has a qualitatively different behaviour while the "partial removal" set lies at an intermediate stage with the smaller r values agreeing with the Arvis potential but the agreement getting worse with larger r.
We are now really in a position to start distinguishing between different string models as the subleading effects are visible and it will be really interesting to extend the study to larger r on the finer lattices. r/a Figure 6 : (E 2 − E 0 ) − 2(E 1 − E 0 ) against r/a at β = 10.0. The free bosonic string predicts the value zero while the other curve is the Arvis potential. , and • correspond to the sets "no removal", "partial removal" and "full removal" respectively. The different sets have been slightly shifted along their abcissae for better visibility. Figure 7 : The first two energy states at various values of β. The three sets of points are "no removal", "partial removal" and "full removal" with "no removal" being the highest and "full removal" being the lowest. The three sets of points correspond to the energy differences computed from the three columns appearing in the tables with the points computed from the full removal being the lowest. The dotted curve is the free bosonic string prediction. The dashed curve and the dash dotted curve correspond to the truncated and full Arvis potentials respectively. (4) − − 5 0.34065 (7) 
